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Abstract

We improve the well-known result of Bertsimas and Sim presented in (D. Bertsimas and M. Sim.,
“Robust discrete optimization and network flows”, Mathematical Programming, B(98): 49-71, 2003)
regarding the computation of optimal solutions of Robust Combinatorial Optimization problems
with interval uncertainty in the objective function coefficients. We also extend this improvement
to a more general class of Combinatorial Optimization problems with interval uncertainty.
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We address a binary optimization problem on N variables in which both the objective function
coefficients (costs) and the data in the constraints are subject to uncertainty. When only the
costs are subject to uncertainty, a well-known result of Bertsimas and Sim| (2003) states that the
Bertsimas & Sim robust counterpart, in the remainder simply called robust counterpart, of the
problem can be solved by solving at most IV + 1 instances of the original deterministic problem.

Thus, the robust counterpart of a polynomially solvable binary optimization problem remains
polynomially solvable. For a given level of conservatism 0 < I' < N, which is interpreted as the
number of coefficients that are expected to present uncertainty, we improve this important result
as follows:

1. When only the cost coefficients are subject to uncertainty, the robust counterpart of the
problem can be solved by solving at most N — I' 4+ 2 instances of the original deterministic
problem.

2. When only coefficients of a knapsack constraint in the corresponding mathematical program-
ming problem are subject to uncertainty, the robust counterpart of the problem can be solved
by solving at most N — I' + 2 instances of the original deterministic problem.

3. We also consider a general case in which the set of variables is partitioned into K + L subsets
of size N1,...,Nx+r (K,L > 0, K + L > 1), where the costs of the variables from the
first K subsets and also coefficients of L knapsack constraints (associated to variables of
remaining subsets) are subject to uncertainty, and to each of the subsets a level of conservatism
0<Tp<Nyand0<TI;<Np,forke{l,...,K}and!l € {1,...,L} is associated. Then, the
robust counterpart of the problem can be solved by solving Hi{zl (N, —T(+2) Hlel (N;—T'1+2)
instances of the original deterministic problem.
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To prove these results, we will consider a class of binary optimization problems with two types
of binary variables, each with its own level of conservatism associated with its corresponding co-
efficients. The results 1 and 2 are special cases, and the general result stated above follows by
mathematical induction.

Let us consider the following generic Combinatorial Optimization problem with linear objective
function and two types of binary variables x € {0,1}" and y € {0, 1}

OPTp; = min Zcixi + ijyj | Dx + Fy <f and (x,y) € ® (P1)
icl jeJ
where ¢,b,f >0, I ={1,2,...,n}, J ={1,2,...,m}, D and E are real non-zero matrices and ®
is a generic polyhedral region.
Let us assume now that instead of having known and deterministic parameters ¢; Vi € I and b;
Vj € J, we are actually given uncertain intervals [c;, ¢; + d;] Vi € I and [bj, bj + 6;] Vj € J. Assume
that variables x and y are ordered so that d; > d;y1 Vi € I and dy, 41 = 0, 6; > d;41 Vj € J and

dm+1 = 0. For simplicity of notation we will assume that I'x € {1,...,n} and I'y € {1,...,m}.
For a given pair (I'x,I'y), the B&S robust counterpart of this problem is:

ROPTp;(T'x,T'y) = min {chxz +Bx Tx,x)+ ijyj + 8y Ty,y) | Dx+ Ey <f and (x,y) € QJ} ,
iel jeJ

where 3% (I'x,x) and 5 (I'y,y) are the corresponding protection functions defined as:

Bx (T'x,x) = max {Zdzxzul | ZUZ <T'x and w; € [0,1]Vi € I} (1)
iel iel
and
55*/ (Fy,y> = max Zdjijj ‘ Zvj <TI'y and v; € [0, 1] Vied,. (2)
jeJ JjeJ

These protection functions provide robustness to the solutions in terms of protection of optimality
in presence of a given level of data uncertainty, represented by I'x and I'y.

For simplicity of notation let 2 be the set of all the feasible solutions (x,y) satisfying Dx+ Ey <
f and (x,y) € ®. After applying strong duality to and (2)), the problem ROPTpy can be
rewritten as

ROPTpl(Fx, Fy) =min Z C;ix; + FXg + Z hi + Z bjyj + Fy)\ + Z k‘j (3)
icl iel jeJ jedJ
subject to
kj+)\25jyj,Vj€J (5)
hi >0Viel, k;>0VjeJand O, A>0 (6)
(x,y) € Q. (7)

The following lemma that gives upper bounds for the values of § and A is crucial for the results
stated in this work.



Lemma 1. GivenT'xy € {1,...,n} andT'y € {1,...,m}, any optimal solution (x*,y*, h* k* 6% \*)
of the robust counterpart of (P1) satisfies: 6* € [0,dr ] and \* € [0,dr,].

Proof. Given the structure of constraints h; +60 > d;x;, Vi € I and k; + X > 0;y;, Vj € J, it follows
that any optimal solution (x*,y*, h* k*, 6% \*) satisfies:

hi = max(d;x; — 6%,0)
k; = max (5jy; — )\*,O) ,

and since z; € {0,1} and y; € {0, 1}, then it is true that

max (d;zy — 0*,0) = max(d; —0",0)x]

max ((5jy; —A",0) = max(d; — A\*,0) Y-

Therefore, the objective function of the problem can be rewritten as

ROPTp1(I'x,I'y) = min Z Cixi+I’X9+Z max (d; — 6,0) a:i+z bjyj+Fy)\+Z max (0; — A, 0) y;.
iel icl jeJ jeJ

Let (x,y) be a feasible solution for a given pair (I'x,I'y’). Let Nx be the set of indices i such
that x; = 1 Vi € Ny and x; = 0 otherwise. Let I(Nx,I'x) be a subset of Ny with indices of at most
I'x elements which have the largest deviations.

Let us assume that |Nx| < I'x, then we have I(Nx,I'x) = Nx, which implies that the cost of
each element corresponding to an index ¢ € Ny will be set to its corresponding upper bound ¢; + d;,
i.e., the minimum value ROPTpy(I'x,'y) will be reached for 6* = d,,11 = 0.

Let us now assume that |[Nx| > I'x + 1. Then, by definition, we have |I(Nx,I'x)| = T'x. Let r* be
the index of the I'x-th largest deviation taken into the solution, i.e., 7* = max{i|i € I(Nx,I'x) }.
Then we have:

ZQ’—F Z d; = Zci+ Z d; — Z dp + Z -

1€Nx i€l(Nx,I'x) 1€Nx {i€Nxi<r*} {i€Nx:i<r*} {i€Nx:i<r*}
=Y+ Y. (di—dw)+Txdy
1€ Nx {i€Nx:i<r*}

.
= Z CiT; + Z(dz —dp )z + Txdp=.
iel i=1
Note that r* > 'y since |Nx| > I'x + 1. Therefore, the minimum value ROPTp;(I'x,Ty) will be
reached for 0* = d, where r > I'x, and hence, 6* € [0,dr,].
By following the same arguments one can also show that A\* € [0, dr, ] for any optimal solution
of ROPTpl(FX, Fy) ]

The following lemma provides an algorithmic scheme to solve ROPTpi(I'x,T'y) by solving a
finite number of nominal (deterministic) problems.

Lemma 2. Given I'x € {1,...,n} and Ty € {1,...,m}, the robust counterpart of the generic
problem (P1) can be solved by solving (n — I'x 4+ 2)(m — I'y + 2) nominal problems
ROPTpl (Fx, Py) = min GT’S,

re{l'x,...,n+1}
se{ly,...,m+1}



where forr € {T'x,...,n+1} and s € {T'y,...,m+ 1}:

G =Txdr +Tyds + ml)IéQ <ZC’%+Z (d; — dy) xz+ijyj+Z (6; — ds) >

JjeJ

Proof. Using the result of Lemma [I| we can rewrite the robust counterpart of (P1) as

ROPTp1(T'x,Ty) :mianixi +Tx0+ Zmax (di —0,0)x; + ijyj +Ty A+ Zmax (0; — X, 0)y;
il il jer jes

subject to 6 < dp,, A < dr, and [{)-(7).

As it is done in (Bertsimas and Sim|, 2003), we find the optimal values of # and A\ by using
a decomposition approach. We consider a decomposition of the real interval [0,dr, ] in [0,dy],
[dn,dn—1], ..., [dry+1,dr,] with respect to the d; deviations, and a decomposition of the real
interval [0, 0, ] in [0, 6], [6m, Om—1], - .., [0ry+1,0r, ] With respect to the §; deviations. Observe
that for an arbitrary 6 € [d,,d,_1] and A € [0s,0s—1] we have:

r—1 s—1
Z max(d ,0)x; = Z(d’ —0)x; and Z max(d ,0)y; = Z(éj — Ny;
el i=1 jeJ j=1

Therefore, ROPTp1(T'x,Ty) = min,cqr, . n41y G™° where for r € {T'x,...,n+1} and s €
SE{Fy,...,m-f—l}
{Fy,...,m+1}

r—1 s—1
G = mianixi +I'x0+ Z (dZ — 9) x; + ijyj + Ty A+ Z (('5J — )\) Yjs (8)
i€l i=1 jeJ i=1

where 0 € [d,,d,_1], A € [0s,0s—1] and (x,y) € Q. Since we are optimizing a linear function of 6 over
the interval [d,, d,—1] and also a linear function for A over the interval [ds, d5—1], the optimal value of
G™* is obtained for (0, \) € {(d,ds), (dr—1,0s), (dy,ds-1), (dr—1,95-1)}. So, for r € {I'x,...,n+ 1}
and s € {I'y,...,m+ 1}:

G™* = min |:I‘XdT+Fy6 + rn1)ré$2 (chmlJrZ (d; 7dT)zZ+Zb]y]+z (0; — 0s) >

JjeJ

Cxdr—1+Tyds + min (Zczmﬁz (di — dr—1 xz+zbjyj+z (8, —é)yg>,

JjeJ

I'xd, +Tyds— 1+ min (Zcz$z+z d _dr)$1+zbjy]+2(6 — 05— 1)y]> 5

Q
xy)€ jeJ

FXdrfl‘f'FY(szl"‘( ml)IéQ <201$1+Z(d dp— 1 Jf'z+2bjyj +Z _(Ssl)yj):|
x,y

el JjeJ

= min |:de +I'yds + ml)réQ (chxl—i-z di —dr)xy —i—Zbej—&—Z 9 — ds) )

el JjeJ

Pxdr—1+Tyds + mm (ZczszrZ (di —dr—1 xZ+ijyj+Z 6s)yj>,

el JjeJ

Txdr +Ty6s_1 + iy (ZczmlJrZ (di —dp) i + > bjy; +Z ) :

jeJ

Ixdr—1+Tyds—1+ ml)réﬂ (ZczszrZ(d —dr—1 xz‘i’zbjyj“l’z 5 — 05— 1 >:| .

iel JjeJ



Therefore,

ROPTp(I'x,I'y) =min |I'xdr, +I'ydr, + min Z T + Z biyi |-,
(x,y)EQ s

T yd, +ry(5+ min Zczxz—i-Zd—d xz+2b]yj+25—5

(x,y)EQ iy
minQ Z ciTi + Z d;z; + Z bjy; + Z 0595 | | >
(xy)€ i€l el jeJ jeJ
which is what we wanted to prove. m
Consider now the following variant of (P1)), problem (P2]):
OPTpy = min Zcixi | ijyj <B,Dx+FEy <fand (x,y) € ®,, (P2)

iel jeJ

where B is a constant such that B € RZ%. Given I'x € {1,...,n} and I'y € {1,...,m}, the robust
counterpart of (P2) is:

ROPTPQ(FX,Fy)min{chz,+Bx Ix,x) [ Y bjy;+ By (Ty,y) < B, Dx+ By < f and (x,y)efb}.
i€l JjeJ

In this case, 85 (I'y,y) provides protection of feasibility in presence of a level of uncertainty given

by I'y. This problem can be rewritten as
ROPTpy(Tx,Ty) =min Y s + Tx0+ > Iy
i€l i€l
subject to

ijyj—i—I‘y)\—i—ij <B 9)

jedJ jedJ
@-@

The following lemma extends the result of Lemma [2| for the robust counterpart of (P2]).

Lemma 3. Given'x € {1,...,n} andTy € {1,...,m}, any optimal solution (x*,y*,h* k* 0% \*)
of the robust counterpart of (P2) satisfies: 6* € [0,dr ] and X\* € [0,dr,].

Proof. From Lemma [2[it follows that 6* € [0,dr,]. We now show that \* € [0, dr, |.
Constraint @ can be written as

ijy] +Fy)\+2max ,0)y; < B. (10)

jeJ jeJ

Let (x,y) be a feasible solution for a given I'x and a given I'y. Let My, be a set of indices j such
that y; = 1 Vj € My and y; = 0 otherwise. Let J(My,I'y) be a subset of My with at most I'y



elements which have the largest deviations. Since (x,y) is a feasible solution, then the following

holds:
JEMy j€J(My,I'y)
Let us assume that |My| < T'y, then we have J(My,I'y) = My, which implies that the cost of each
element corresponding to index j € My will be set to its corresponding upper bound b; + d;, and
hence constraint is satisfied for A = d;, 41 = 0.
Let us now assume that |My| > I'y + 1. Then, by definition, we have |J(My,T'y)| = I'y. Let
s* =max{j|j € J(My,I'y)}. So

DR W T N YRS NS T S O S N

jEMy jeJ(My,I'y) jEMy {jeMy:j<s*} {jeMy:j<s*} {ieMy:j<s*}
= Z bj + Z ((5] — 55*) + Fy55*
JEMy {jeMy:j<s*}

= by + > (0, — 05 )y; + Tydsr < B.
jed =1

Note that s* > I'y since |My| > I'y + 1, and therefore constraint @ will be satisfied for all A = 4,
such that s > I'y. Therefore for any feasible solution we have A € [0,dr,|. =

Lemma 4. Given 'y € {1,...,n} and Ty € {1,...,m}, the robust counterpart of the generic
problem (P2|) can be obtained by solving (n — T'x + 2)(m — T'y + 2) nominal problems, i.e.

ROPTp2 (Fx, Fy) = min HT’S,
re{l'x,...,n+1}
SE{Fy,...7m+1}

where forr € {T'x,...,n+ 1} and s € {T'y,...,m+ 1}:

H™ =Txdr + min_ (ZE; cizi + ; (di —dn)mi | Y bjy; + ; (0; = 0s)yj + Ty ds < B) .

jeJ

Proof. Similar to the proof of Lemma 2 m

The presented results are important when solving robust counterparts of some well-known com-
binatorial optimization problems in which different levels of conservatism are associated to disjoint
subsets of binary variables. For example, in Prize-Collecting Problems (e.g., TSP, Steiner Trees),
binary variables are associated to edges and nodes of a graph, and we might associate different levels
of conservatism to their corresponding coefficients, costs and prizes, respectively. Other prominent
examples include: facility location problems, where location and assignment decisions need to be
taken, or vehicle routing problems, involving routing and assignment decision variables.
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