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Abstract We improve the well-known result of Bertsimas and Sim presented in (D. Bertsimas and
M. Sim., “Robust discrete optimization and network flows”, Mathematical Programming, B(98):
49-71, 2003) regarding the computation of optimal solutions of Robust Combinatorial Optimiza-
tion problems with interval uncertainty in the objective function coefficients. We also extend this
improvement to a more general class of Combinatorial Optimization problems with interval uncer-

tainty.

Keywords Robust Combinatorial Optimization Problems - Bertsimas & Sim Algorithm.

1. Introduction and Motivation

We address a general class of Combinatorial Optimization problems in which both the objective
function coeflicients and the constraint coefficients are subject to interval uncertainty. When un-
certainty has to be taken into consideration, Robust Optimization (RO) arises as methodological
alternative to deal with it. The Bertsimas & Sim Robust (B&S) Optimization approach, introduced

in [Bertsimas and Sim(2003)], is one of the most important approaches devised to incorporate this
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type of uncertainty into the decision process. By means of protection functions, the obtained solu-
tions are endowed with protection, i.e., they are robust, in terms of feasibility and/or optimality for
a given level of conservatism denoted by a parameter 'y, defined by the decision maker. When the
coeflicients associated with a set of n variables are subject to uncertainty, the level of conservatism is
interpreted as the number of coefficients that are expected to present uncertainty, i.e., 0 < I'y < n.

For the case that the uncertain coefficients are only present in the objective function, a well-
known result of [Bertsimas and Sim(2003)] states that the robust counterpart of the problem can be
computed by solving at most n + 1 instances of the original deterministic problem. Thus, the robust

counterpart of a polynomially solvable binary optimization problem remains polynomially solvable.

Our Contribution In this paper we propose some improvements and extensions to the algorithmic
result presented in [Bertsimas and Sim(2003)]. For the case studied in their paper, we show that
instead of solving n + 1 deterministic problems, the robust counterpart can be computed by solving
n — I'x + 2 deterministic problems (Lemma 1); this improvement is particularly interesting for those
cases for which a high level of conservatism, i.e., a large value of I'y, is suitable. Additionally, we
show that if a knapsack-type constraint is part of a problem and m of its coefficients are affected
by uncertainty, an equivalent algorithmic approach can be applied, and the robust counterpart can
be computed by solving m — I'y + 2 deterministic problems (Lemma 2), for 0 < I'y < m. Likewise,
we show that if the uncertain coefficients in the objective function are associated with two disjoint
sets of variables, of size n and m respectively, the robust problem can be computed by solving
of (n — I'x + 2)(m — I'y 4+ 2) deterministic problems (Lemma 3), giving to the decision maker
the flexibility to define different levels of conservatism to different sets of uncertain parameters. A
similar result is also shown for the case that uncertainty is present in a set of n objective function
coefficients and in a set of m coeflicients of a knapsack-type constraint (Lemma 4). Combining the
previous results, we provide a more general result which considers the case in which the uncertain
coefficients in the objective function are associated with K disjoint sets of variables and there are
L knapsack-type constraints (each of them involving a different set of variables) with uncertain
coefficients. For this type of problems, we show that the robust counterpart can be computed by
solving a strongly-polynomial number of deterministic problems (Theorem 1).

The presented results are important when solving robust counterparts of some well-known com-
binatorial optimization problems in which different levels of conservatism are associated to disjoint
subsets of binary variables. For example, in Prize-Collecting Network Design Problems (PCNDPs)
(e.g., TSP, Steiner Trees), binary variables are associated to edges and nodes of a graph, and we
might associate different levels of conservatism to their corresponding coefficients, costs and prizes,
respectively. Besides defining the objective function as the sum of edge costs and node prizes, PC-
NDPs are frequently modeled using knapsack-type Budget or Quota constraints, and our results
can be used in these cases as well, when the coefficient of these constraints are subject to interval

uncertainty.
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Similarly, in Facility Location problems, location and allocation decisions need to be taken. Each
of these decisions involves disjoint sets of variables and, possibly uncertain, coefficients. In these
conditions, different levels of conservatism might be suitable for different sets of coefficients. Other
prominent examples of problems within this framework are generalized vehicle routing problems, in-
volving routing, assignment, location, inventory decision variables and more; for which the presented
result can be used for solving the corresponding robust counterparts.

The viability of the proposed methods strongly relies on the efficacy to solve the deterministic

counterparts.

2. Main Results

Let us consider the following generic Combinatorial Optimization problem with linear objective

function and binary variables x € {0,1}™:

OPTp, = min {Z T | x € H} , (P1)
icl
where ¢ > 0, I = {1,2,...,n} and IT is a generic polyhedral region.

Let us assume now that instead of having known and deterministic parameters ¢;, Vi € I, we are
actually given uncertain intervals [c;, ¢; + d;], Vi € I. Assume that variables x are ordered so that
d; > di1q, Vi€ I, and d, 11 = 0.

For a given level of conservatism I'y € {1,...,n}, the robust formulation of (P1) is defined
in [Bertsimas and Sim(2003)] as:

ROPTpl(Fx):miH{ZCixi-i-ﬁ;( (Fx,X)|X€H}, (RPl)
iel
where 8% (I'x,x) is the corresponding protection function defined as:
B (I'x,x) = max{Zdixiui | Zuz <TIx and u; € [0,1]Vi € I} . (1)
i€l il

This protection function endows robustness to the solutions in terms of protection of optimality in
presence of a given level of data uncertainty, represented by I'x.

In the context of RO, (P1) is referred to as the nominal problem and (RP1) as the corresponding
robust counterpart.

After applying strong duality to (1), problem (RP1) can be rewritten as

ROPTpy(I'x) =min Y _ciw; + I'x0+ > h; (2)
el el
h; >0,Vieland >0 (4)

x el (5)
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The previous formulation of the robust counterpart of (P1) has been presented in [Bertsimas
and Sim(2003)] and the authors provide a combinatorial algorithm that computes ROPTp1(I'x) by
solving n + 1 nominal problems (Theorem 3, p. 56). The following lemma provides an improvement

to this result by reducing the number of iterations of the algorithmic procedure.

Lemma 1 Given I'x € {1,...,n}, the problem (RP1), the robust counterpart of problem (P1), can
be computed by solving (n — I'x + 2) nominal problems in the following scheme:
ROPTp(I'x) = min  G",
re{l'x,....,n+1}

where forr € {I'x,...,n+1}:

G" = I'xd, +E§E <ZCZ(EZ + Z (dl — dr) $Z> .

i€l i=1

Proof. The first part of the proof consists of showing that any optimal solution (x*, h*, 8*) of (RP1)
satisfies: 6* € [0, dry].
Given the structure of constraints h; + 6 > d;x;, Vi € I, it follows that any optimal solution
(x*,h*, %) satisfies:
h} = max (d;x] — 0%,0),
and since xz; € {0,1}, then it is true that

max (d;z; — 0*,0) = max (d; — 6%,0)

Therefore, the objective function of (2)-(5) can be rewritten as
ROPTpy(I'x) = min Y _ c;; + Ix0+ Y max (d; — 6,0) z;.
il i€l
Let x be a feasible solution for a given I'x. Let Ny be the set of indices ¢ € I such that x; = 1. Let
I(Ny, I'x) be a subset of Ny associated with (at most) the I'x largest d; values.

Let us assume that | Nyx| < I'y, then we have I(Ny, I'x ) = Ny, which implies that the cost of each
element corresponding to an index ¢ € Ny will be set to its corresponding upper bound c¢; + d;. This
means that if x is optimal, the minimum value ROPTp;(I'x) can be calculated as D,y (ci + di),
which implies that 6* = d,,+; = 0. Let us now assume that |Nx| > I'x + 1. Then, by definition, we
have |I(Ny, I'x)| = I'x. Let 7* be the index of the I'x-th largest d; value taken into the solution,
ie, r* =max{i|i € I(Nx, 'x)}. Then we have:

St D> di=Y i+ >, di— Y det > dpe

1€ Ny 1€l (Nx,I'x) 1€ Ny {i€Ny:i<r*} {i€Ny:i<r*} {i€Nx:i<r*}
= E C; + E (dz — dr*) + FXdT*
1€Nx {1€ENx:i<r*}

- Zcixi + i(dz —dp )i + Ixdp.
il i=1
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Note that r* > I'x since |Nx| > I'x +1. Therefore, the minimum value ROPTp;(I'x) will be reached
for * = d,., where r > I'x, and hence, 6* € [0,dr, |, which completes the first part of the proof.
We now present the second part of the proof, where the previous result is plugged into the
procedure devised in [Bertsimas and Sim(2003)], and we find the optimal values of 6 by using an
equivalent decomposition approach. We decompose of the real interval [0, dr, | into [0, d,], [dn, dn-1],

oo, [dry+1,dry ). Observe that for an arbitrary 6 € [d,, d,—1] we have:

r—1
ZE:Inax(ding,O)aq :izgj(di‘* G)mi
iel i=1

Therefore, ROPTpi(I'x) = min.e(ry. ... ny1y G" where for r € {I'x,...,n+ 1}

r—1
G" = mianixi +er—‘rZ(di —0)zy,
i€l i=1

where 6 € [d,,d._1] and x € II. Since we are optimizing a linear function of 6 over the interval
[d,,d,—1], the optimal value of G" is obtained either by 6§ = d, or by § = d,_1. So, for r €
{I'x,...,n+ 1}

r—1 r—1
G = min |:FXd'r + féiﬁ (Z ciwi + Z (d; — d'r)xi> , I'xdr—1 + ,Iféi]r% (Z cizi + Z (di — dr—1) xz>:|

el =1 i€l i=1

r r—1
= min |:dem + )12%1]1% (Z i + Z (di — dr) xz) , I'xdr—1 + )I(rél% (Z iz + Z (di — drl)zi):| .

il i=1 i€l i=1
Therefore,
r
ROPTp1(I'x) = min l:FXde + ’1(12% (ZEZI cia:i> seeoy, Ixdyr + ’Icrél% (ZGZI i + ; (d; — dr)a:i> R

min <Z i + ZW&)} ;
el i€l

which completes the proof. m

Consider now the following problem that we will refer to as (P2):

OPTpy = min Zcixi | ijyj < Band (x,y) €V », (P2)
il jeJ
where y € {0,1}™ are decision variables, B € RZ? is a constant, b >0, J = {1,2,...,m}, and ¥ is
a generic polyhedral region.
Let us assume that c is known with certainty, but instead, the elements of b are given as
uncertain intervals [b;, b; + 0;], Vj € J, and that the variables are ordered so that ¢; > d;41, Vj € J,
and 0,41 = 0. Given I'y € {1,...,m}, the robust counterpart of the nominal problem (P2), given

the interval uncertainty of vector b, is:

ROPTpy(I'y) = min Zcﬂi | ijyj + 8y (I'y,y) < Band (x,y) €V ;. (RP2)
el jer
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In this case, 83 (I'y,y) provides protection of feasibility in presence of a level of conservatism given

by I'y. This problem can be rewritten as

ROPTpy(I'y) =min » _ ciz; (6)
iel
s.t ijyj+FY)\+ij§B (7)
jeJ jed
kj + )\ 2 5jyj’ V] S J (8)
kj>0,VjeJand A>0 (9)
(x,y) €V. (10)

The following lemma extends for (RP2) the result of Theorem 3 in [Bertsimas and Sim(2003)], and

adapts the result of Lemma, 1.

Lemma 2 Given I'y € {1,...,m}, the problem (RP2), the robust counterpart of problem (P2), can
be computed by solving (m — I'y 4+ 2) nominal problems, in the following scheme:

ROPTPQ(Fy> = E{FIniIl +1}HS,
S Y 5.y

where for s € {I'y,...,m+1}:

HY= min | Y e | > bjy;+ > (6 —0s)y; + Ivds < B
Cay)er \ 127 jeJ j=1

Proof. The core of the proof consists of showing that for any feasible solution of (6)-(10) we have
A E [0, 5py].
For any feasible solution of (6)-(10) holds that k; = max (;y; — A,0); thus, constraint (7) can

be written as
> by + Ty A+ Y max (5 — A,0)y; < B. (11)
jeJ jedJ

Let (x,y) be a feasible solution for a given I'x and a given I'y. Let My be a set of indices j € J

such that y; = 1. Let J(My, I'y) be a subset of M, associated with (at most) the I'y largest values

d;. Since (x,y) is a feasible solution, then the following holds:
D b+ > 4<B
JEMy JET(My,I'y)

Let us assume that |My| < I'y, then we have J(My, I'y) = My, which implies that the cost of each
element corresponding to index j € M, will be set to its corresponding upper bound b; + d;, and

hence constraint (11) is satisfied for A = dy,+1 = 0.
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Let us now assume that || > I'y + 1. Then, by definition, we have |J(My,I'y)| = I'y. Let
s* =max{j|j € J(My,Iy)}. So

PO DR DR E D DR E D DR D DR

JEM, jE€J(My,Ty) JEM, {jEMy:j<s*} {jEMy:j<s*} {jEMy:j<s*}
= b+ D (65— ) + Ty b
JEMy {jGMy'j<5*}
—Zb]yj—f—z o )y; + Ivde < B.
jeJ

Note that s* > I'y since |[My| > I'y + 1, and therefore constraint (7) will be satisfied for all A\ = d,
such that s > I'y. Therefore for any feasible solution we have A € [0,dp].

By following similar arguments as those presented in the decomposition approach of the poof of
Lemma 1, it holds that

ROPTpy(I'y) =min | min | emi | > by +Ivor, <B|,...,

(xy)er iel jeJ
(mi)ré¢ Zczx,|2bjy]+z ds)y; +Ivés <B|,...,
X,y ey
mln ZczxZ | Zb]yj + Zdjyj <B]]|,
x,y)EV
jeJ JjeJ

and the proof is completed. m
We now present a second extension of the algorithm proposed in [Bertsimas and Sim(2003)]. Let

us consider now the following nominal problem:

OPTps = min Zcixi + ijyj | (x,y) €V ;. (P3)
il jeJ

In case that the elements of both vectors c and b are given in terms of closed intervals, the corre-

sponding robust counterpart (for a pair (I'x, I'y)) is given by

ROPTpg(Fx,Fy) :Iniani:ﬂi + I'x0 + Z]h + ijyj + Iy A+ Z kj (12)
icl icl jeJ jeJ
St (3),4),(8),09) and (x,y) € ¥ (13

The following result extends Lemma 1 and provides an algorithmic procedure to solve (12)-(13).

Lemma 3 Given I'x € {1,...,n} and I'y € {1,...,m}, the robust counterpart of problem (P3) can
be computed by solving (n — I'x + 2)(m — I'y 4+ 2) nominal problems as follows:
ROPTpg (Fx, Fy) = min GT’S,

TE{Fx,...,nJrl}
se{ly,....m+1}
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where forr € {I'x,...,n+1} and s € {I'y,...,m+1}:

G"® = I'xd, + I'yds + min (Zc,x2+2(d —dy) zl+2bjy]+z (05 5)y3>.

w
(x,¥)€ ies

Proof. Using an analogous analysis to the one in the proofs of Lemma 1 and 2, we have that for any
optimal solution (x*,y*, 0%, A\*), it holds 6* € [0,d, ] and A\* € [0,d . ]. Then, by decomposition, the

optimal can be found as ROPTp3(I'x,Iy) = min,ciry .. nt1y G° where for r € {I'x,...,n+ 1}
se{l'y,....m+1}
and s € {Iy,...,m+1}

r—1 s—1
Gh® = mianimi +FX€+Z(dl 70)1’1 +ijyj +Fy/\+Z((sj — )\)yj, (14)
iel =1 jer i=1

for which 6 € [d,,d,—1], X € [0s,05—1] and (x,y) € ¥. Since we are optimizing a linear function
of 0 over the interval [d,.,d,_1] and also a linear function for X over the interval [ds,ds—1], the
optimal value of G™* is obtained for (6,A) € {(d,,ds), (dr-1,0s), (dr,ds-1), (dr_1,0s—1)}. So, for
re{lx,...,n+1}and s € {Iy,....,m+1}:

x,y)EV ies

G"° = min l:FXd + I'y o + min (chzl+2(d —d,) x1+2b]y1+z (65 — 6s) )

Ixdroy+Iyés + min (Zmrq-&-Z(d —dp_y r7+§:bjy]+2(6 6s)yj>,

jeJ

Pxdy + Iyde—y + min <Zcm+2(d —d>11+2b3y1+2 85 — 85— 1)y1>,

JjeJ

I'xdr—1+I'vds—1+ xn;l)réw (ch +Z(d —dr_1)T; +ZbeJ+Z (6 —ds—1) >:|

JjEJ

= min {de + Tyés +  min (chzﬁZ(d rl+zb]y1+2(5 6s)yj>,

JjeJ

JjeJ

I'xdr—1+ I'yds + H;l)rélp (chrl%*z (di —dr_1 11+Zb7y1+z (65 5)y1>7

I'xd, 4+ I'yds—1+ min <ZCM1‘,+Z((1 —dr )9014‘21)7?!]"‘2(‘5 Sl)yj>1
iel i=1

Y EW
(x,¥)€ jes

I'xdp_1+ T'yds— 1+ mln (Zczxz"l‘z di —dyp_ 1)Iz+zb]y1+z(5 — 05— 1 >:| .

JjEJ
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Therefore,

ROPTpg(Fx,Fy) min depx + Fy(SFY + H;/l)relgp ZCZJJZ +;]b]y] RN

I'xd, +Iyd, + min chxz—l—z d; — d, mz—l—ijyj—&—Z d; — 0s) R,

4
(xy)e i€l jeJ

min chxz—l-Zd CEZ-I—ZbeJ +Z5gy; )

24
(xy)e icl jeJ jeJ

which completes the proof. m
As a complementary result, one can observe that if in (P2) the cost vector c is also subject to

interval uncertainty (along with the coefficient vector b), the corresponding robust counterpart is

given by
ROPTP4(Fx,Fy) :mianixi+FX0+Zhi (15)
i€l el
st (3), (4), (7), (8), (9) and (x,y) € V. (16)

Combining the results of Lemma 1 and 2, we have the following result,

Lemma 4 Given I'x € {1,...,n} and I'y € {1,...,m}, the robust problem (15)-(16) can be solved
by solving (n — I'x 4+ 2)(m — I'y + 2) nominal problems as follows:
ROPTP4(FX7Fy) = min HT’S,

re{lx,....,n+1}
se{l'y,...,m+1}

where forr € {I'x,...,n+1} and s € {I'y,...,m+1}:

H™* =TI'xd, + min <chxl +Z (di —dr)zi | > bjy; + Z —6s)y; + Iy ds < B) :

v
(x,y)€ =

We omit the proof of this result as it follows from the proofs of Lemma 2 and 3.

3. General Result

In light of Lemmas 3 and 4, we now generalize the previous results considering a more general
Combinatorial Optimization problem under interval uncertainty and propose a discrete algorithm
to solve its robust counterpart.

Let us consider a case in which the set of binary variables is partitioned into K + L subsets

given by (x!,...,x%X y! ... ,yY), associated with sets of indices (I',..., 1%, J% ... JL). Vari-
ables (x!,...,x%X) appear in the objective function with non-negative cost vectors (c!,...,c)

)

and (y!,...,y%) variables appear in L disjoint knapsack constraints with non-negative coefficients
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(b',...,b%) and non-negative right-hand-side bounds (B!,..., BL). Let ¥’ be a generic polyhedron
containing the feasibility conditions for (x!,...,x¥ y! ... y¥). With these elements we define nom-

inal problem (P5) as

OPTps=  min {chxu ST KK | S byl < Bl 7beyf§BL}. (P5)
(xt

eIl el K jeJt jeJL

We assume now that all elements of the cost vectors (c!,...,cX) and all elements of the knapsack
coefficients (b!,. .., b%) are subject to interval uncertainty; the cost coefficient of variable acf is taken
from [c¥, cF + d¥], for each i € I* and k € X = {1,..., K}, and the coefficient of variable yé is taken
from [b%, b5 + 6%], for each j € J' and I € £ = {1,...,L}. Assume that variables (x',...,y") are
ordered so that df > d¥ | and df =0, forallie Ik and k € X, and (5l > ot 41 and 5! =0,
forall j € J' and [ € L.

To each set of cost coefficients we associate a level of conservatism 0 < I't < |I*|, for all k € X,

[T%]+1 [JH4+1

and to each knapsack constraint we associate a level of conservatism 0 < I {, <|J l|, forall l € C.

The following Theorem unifies the previous results.

Theorem 1 For given 0 < I't < |I¥|, for all k € K, and 0 < I'L. < |JY, for all | € L, the robust
counterpart of (P5), ROPTps(I'y, ..., '8 I} ... . T'L), can be computed by solving

[Tar" - +2) T - 13 +2)
kex let
problems given by
ROPTps(I'k,... . TX Iy, IL) = min Frosts®)
r e{lx,...,|[T"+1}
sLe{FXE.,A..,.\JL\J,-l}
where forrt € {I'%, ... |IY+1}, ..., 7K e {TE . [I%|+1} and st € {I, ..., |JH+1}, ... st e
{IE, .. |JE| + 1}, we have that
st st =Ildp + ...+ TXdx + ( min ~ {'(r) + ...+ 5 () |
X (S
¢'(s') < BY,... ¢ (s") < B},

such that .
) =3 et + 3 (dF - d) at, vk e X,
ielk i=1

and
Sl

(s = Z bhyt + Z (0% — L) ok, Vi€ L.

jeJt Jj=1
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Proof. The robust counterpart of (P5) can be written as

ROPTps(Ix,... . I, I%,... . Iy) =min » | > cfaf + 505+ > hf (17)
keX \ielk i€k
st > Wb+ NN+ Y K <B 1es (18)
jeJ! jeJt

R 0% > dFak and 0F >0, Viel*, keX (19
K 4+ X > 6lyhand N >0, vieJ lek (20)
¥ >0, Viel*’ keX (21)
l . l

k; >0, VjelJ,lek. (22)

From Lemma 1 and 2, one can show by mathematical induction that any optimal solution for (17)-
(22) satisfies 0¥ € [0, d’};{,], for each k € X, and A" € [0, 5}),}], for each [ € £. Finally, mathematical
induction is applied to the previously used decomposition approach to derive the result for computing
ROPTps(I'%,..., TE). m

As stressed in the Introduction, several Combinatorial Optimization problems are particular
cases of (P5), and if interval uncertainty in their parameters is brought into play, the algorithmic

procedure described by Theorem 1 could be an alternative for solving their robust counterparts.

Acknowledgements I.Ljubi¢ is supported by the APART Program of the Austrian Academy of Sciences. This
support is greatly acknowledged. E. Alvarez-Miranda thanks the Institute of Advances Studies of the Universita di
Bologna from where he is PhD Fellow.

References

[Bertsimas and Sim(2003)] D. Bertsimas and M. Sim. Robust discrete optimization and network flows. Mathematical
Programming, B(98):49-71, 2003.



